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Abstract
In this study, a two-warehouse inventory model with exponentially increasing trend in demand
involving different deterioration rates under permissible delay in payment has been studied. Here,
the scheduling period is assumed to be a variable. The objective of this study is to obtain the
condition when to rent a warehouse and the retailer’s optimal replenishment policy that minimizes
the total relevant cost. An effective algorithm is designed to obtain the optimal solution of the
proposed model. Numerical examples are provided to illustrate the application of the model.
Based on the numerical examples, we have concluded that the single warehouse model is less
expensive to operate than that of two warehouse model. Sensitivity analysis has been provided
and managerial implications are discussed.
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1. Introduction

In classical inventory models, many researchers have considered that the demand rate is either
constant or linear over time. An economic order quantity model with a constant demand rate
under the condition of permissible delay in payments was established by Goyal (1985). Aggarwal
and Jaggi (1995) extended Goyal’s model to consider the deteriorating items. The above
assumption is valid during the period of maturity stage of products like electronic goods or
fashionable items. After gaining the customers goodwill, the demand of products will increase
over time. Thus, demand of new products in the market during its growth as well its maturity
period can be approximated with exponentially increasing function. For many reasons, retailers
may purchase more goods than can be stored in their owned warehouse (OW), for example,
permissible delay in payments, discount on bulk purchase, etc., to name a few. The excess units
are stored in an additional storage place called a rented warehouse (RW). In this situation,
deterioration of items are unavoidable. Also, to attract more number of customers, the retailers
can be given permissible delay in payments to settle the account.
Ghare and Shrader (1963) proposed an economic order quantity model for items having a constant
rate of deterioration horizon. Covert and Philip (1973) developed a model with Weibull
distribution deterioration. Sarma (1987) discussed a deterministic order level inventory model for
deteriorating items with two storage facility. Datta and Pal (1988) developed a model with
variable rate of deterioration. A stochastic inventory model when delay in payments are
permissible was considered by Shah (1993). Hwang and Shinn (1997) included the pricing
strategy to the model, and developed the optimal price and lot-sizing for a retailer under the
condition of permissible delay in payments. A deterministic order level inventory model for
deteriorating items with two storage facilities was proposed by Benkherouf (1997). Bhunia and
Maiti (1998) discussed a model for deteriorating items with linear trend in demand. Liao et al.
(2000) proposed an inventory model with deteriorating items under inflation when a delay in
payment is permissible. Huang et al. (2001) presented an inventory model for deteriorating items
with linear trend under the condition of permissible delay in payments. Kar et al. (2001) proposed
deterministic inventory model with linear trend in demand. Zhou and Yang (2005) presented a
two-warehouse model with stock level dependent demand rate. Shah (2006) considered an
inventory model for deteriorating items and time value of money under permissible delay in
payments during a finite planning horizon. Soni et al. (2006) discussed an EOQ model for
progressive payment scheme under discounted cash flow. Jaggi et al. (2006) proposed a model for
deteriorating items with inflation induced demand. Ouyang et al. (2006) presented an inventory
model for deteriorating items under permissible delay in payments. Chung and Huang (2007)
investigated models for deteriorating items with limited storage facility. Chang et al. (2008)
reviewed trade credit models. Wu et al. (2009) proposed an optimal payment time for
deteriorating items under inflation and permissible delay in payments. Lee and Hsu (2009)
discussed two-warehouse production model with time dependent demand rate. Liang and Zhou
(2011) discussed a two-warehouse inventory model for deteriorating items under conditionally
permissible delay in payment. Ghoreishi et al. (2015) developed an economic ordering policy for
non-instantaneous deteriorating items with selling price and inflation induced demand under
permissible delay.
For seasonal products, fashionable commodities and electronic products with short product life
cycle, customers' willingness to wait for backlogging during stock out period is diminishing with
the length of the waiting period. Dave and Patel (1981) considered an inventory model for
deteriorating items with time proportional demand and shortages. To allow shortages, Jamal
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(1997) generalized Aggarwal and Jaggi’s model. A partial backlogging inventory model for deteriorating
items with Weibull distribution and permissible delay in payments was developed by Dye (2001). Yang
(2006) considered a two-warehouse inventory model for deteriorating items with partial backlogging under
inflation. Hui-Ling (2013) considered a two-warehouse partially backlogging inventory model for
deteriorating items with permissible delay in payment under inflation. Ghoreishi et al. (2014) developed
EPQ model for non-instantaneous deteriorating items under inflation. Maryam Ghoreishi (2014)
developed an EOQ model for non-instantaneous deteriorating items with selling price dependent demand
under inflation. Bhunia, Ali Akbar Shaikh (2015) developed two-warehouse inventory model for single
deteriorating items with permissible delay in payments under partial backlogging. Chang et al. (2015)
developed an inventory model with non-instantaneous deteriorating items with permissible delay linked
to ordering quantity. Das et al. (2015) considered multi-item multi-warehouse inventory model for
deteriorating items with price dependent demand under permissible delay.

In all of the above mentioned-models, several researchers established their Economic Order
Quantity (EOQ) inventory models by assuming that demand rate is constant. But in reality, during
the maturity stage, only the demand rate is constant. Hence, the demand function increases with
time during the growth stage of a product, when a new product is introduced in the market. In the
present paper a two-warehouse inventory model with exponentially increasing trend in demand
for deteriorating items under the condition of permissible delay is considered for both the twowarehouse and single-warehouse models. The scheduling period is taken to be a variable. An
algorithm is provided to obtain an optimal solution which will make the retailer decide whether or
not to rent a warehouse. Numerical examples are provided to compare the two proposed models
and sensitivity analysis is carried out to substantiate the managerial insights.
2.

Assumptions and notations

In developing the mathematical model of the inventory system for this study, the following assumptions
are used.

2.1 Assumptions
1. The replenishment rate is in_nite
2. Lead time is zero
3. The inventory model deals with single item
4. Deterioration occurs as soon as items are received into inventory
5. There is no replacement or repair of deteriorating items during the period under consid-eration
6. Demand rate is deterministic
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(1)
Where a > 0,b > 0,a > b
7. Shortages are not allowed to occur
8. The OW has a _xed capacity of W units and the RW has unlimited capacity
9. The RW is utilized only after OW is full, but stocks in RW are dispatched _rst
10. The holding cost is h per unit of time (excluding interest charges), when h = ho for items in OW and h =
hr for items in RW and hr > ho
11. The items deteriorate at a constant rate _ in OW and at _ in RW.

2.2 Notations
In developing the mathematical model of the inventory system for this study, the following notations are
used.

k

ordering cost per order

c

unit purchasing cost

s

unit selling price (with s>c)

hr

unit stock holding cost per unit of time in rented warehouse (excluding interest
charges)

ho

unit stock holding cost per unit of time in owned warehouse (excluding interest
charges)

Ie

interest earned per $ per unit of time by the retailer

Ic

interest charges per $ in stocks per unit of time by the supplier

Im

the maximum inventory level for each replenishment cycle

w

the capacity of the owned warehouse (OW)

w1

The maximum inventory level

tw

the time that inventory level reduce to W (decision variable)

T

inventory cycle length (decision variable)

M

the retailer’s trade credit period offered by supplier in years

Ir(t)

the inventory level at time t ∈ [0,tw] in rented warehouse (RW)
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Io(t)

the inventory level at time t ∈ [0,T] in (OW)

Q

the retailer’s order quantity

TC(tw,T) the total relevant cost per unit time in a two-warehouse model
Π(T)

the total relevant cost per unit time in a single-warehouse model

tw*,T*

are the optimal values

TC*,Π* minimum total relevant costs
3.

Model 1: Two-warehouse system

A lot size of particular units enter into the inventory system at time t=0. In OW w units are kept
and the remaining units are stored in RW. The items stored in OW are consumed only when the
items in RW are consumed first. The stock in RW decreases owing to combined effects of
demand and deterioration during the interval [0,tw], and it vanishes at t=tw. However, the stock in
OW depletes due to deterioration only during [0,tw]. During [tw,T], the stock decreases due to
combined effects of demand and deterioration. At time T, both the warehouses are empty. The
entire process is repeated for every replenishment cycle which is depicted in Figure 1.

Figure1. Graphical representation of two-warehouse model

During the interval [0, tw], the inventory level in RW and OW is governed by the following
differential equations:

(2)
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With the boundary condition Ir(t)=0 and

(3)
With the boundary condition Io(0)=w, respectively.
While during [tw, T], the inventory level is governed by the following differential equation:

(4)
With the boundary condition Io(T)=0.
The solutions to the above differential equations (2) – (4) are:
( )

(

[

)

]

(5)

( )

(6)
( )

[

(

)

]
(7)

The maximum inventory level w1 is given by
(8)
The total relevant costs, TC, comprise following elements:
the ordering cost = k
cumulative inventories of stock holding cost during [0,T] is
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.

the deteriorating cost during [0,T] is

.

The interest payable.
Based on the parameters tw, T and M, there are three cases to be considered.
Case1. M ≤ tw < T
In this case, the interest payable is
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Case2. tw ≤ M < T
In this case, the interest payable is

Case3. M > T
In this case, the interest payable is zero.
the interest earned.
There are two cases to be considered.
Case1. M < T

Case2. M > T

Thus, the annual total relevant costs for the retailer are given as:
(3.8)(

(9)
Where
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(12)
The optimal values of tw and T for minimum total relevant cost per unit time is any solution which
satisfies simultaneously the equations
satisfies the conditions

= 0 and

> 0,

= 0 for i = 1, 2, 3 which also

> 0 and (

)(

) -

)>0
.
Using these optimal values of tw and T, the optimal value of w1 can be obtained from equation
(8).
Graphically, we have shown below that the cost function is convex.
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Figure 2. Graph of TC vs T for α > β when tw = 0.4691

Figure 3. Graph of TC vs T for α > β when T = 0.8011
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Figure 4. Graph of TC vs T for α < β when tw = 0.4641

Figure 5. Graph of TC vs T for α < β when T = 0.8017

4.

Model 2: Single-warehouse system

When the OW has enough space then the RW is not used,then the two-warehouse model reduces
to single-warehouse inventory model. We remove the capacity constraint of the OW. At time t=0,
a lot size of w units enters the system. By the time T, the inventory level reaches zero due to the
combined effect of demand and deterioration. The entire process is repeated for every
replenishment cycle and inventory scenario in single-warehouse model is depicted in Figure 6.
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Figure 6. Graphical representation of single-warehouse system

As described in the two-warehouse model, the annual total relevant cost per unit time for the
retailer can be obtained as follows:
(4.1)((99999(
(13)
Where
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(15)
The maximum inventory level Q is given by
(4.4)
(16)
5.

Solution procedure

Depending on the total relevant costs obtained from single- and two-warehouse models, decision
is made whether to rent a warehouse or not. In order to find the optimal solutions we propose the
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following algorithm.
Step 1.
Input the values of the parameters.
Step 2.
Solve the single-warehouse model and find the total relevant cost per unit time (Π1) using
Equation (14), the ordering quantity Q using Equation (16) and the cycle time. Go to Step 3.
Step 3.
If the ordering quantity Q of single-warehouse model is less than the capacity of the OW,
then solve the two-warehouse model using Step 4.
Step 4.
Obtain the total relevant cost per unit time (TC1) using Equation (10), ordering quantity w1
using Equation (8) and the cycle time, getting the optimal solution tw* and T* of the twowarehouse model. Go to Step 5.
Step 5.
If the total relevant cost per unit time of RW (TC1) is less than that of OW (Π1) and if M ≤
tw* < T* then it is economical to use the RW. Otherwise go to Step 6.
Step 6.
Solve the single-warehouse model and find the total relevant cost per unit time (Π2) using
Equation (15), the ordering quantity Q using Equation (16) and the cycle time. Go to Step 7.
Step 7.
If the ordering quantity Q of single-warehouse model is less than the capacity of the OW,
then solve the two-warehouse model using Step 8.
Step 8.
Obtain the total relevant cost per unit time (TC2) using Equation (11), ordering quantity w1
using Equation (8) and the cycle time, getting the optimal solution tw* and T*. Go to Step
9.
Step 9.
If the total relevant cost per unit time of RW (TC2) is less than that of OW (Π2) and if tw*
< M ≤ T* then it is economical to use the RW. Otherwise go to Step 10.
Step 10.
Solve the single-warehouse model and find the total relevant cost per unit time using
Equation (15), the ordering quantity Q using Equation (16) and the cycle time. Go to Step
11.
Step 11.
Obtain the total relevant cost per unit time (TC3) using Equation (12), ordering quantity Q
using Equation (8) and the cycle time, getting the optimal solution tw* and T* of the twowarehouse model. Go to Step 12.
Step 12.
If the total relevant cost per unit time of RW (TC3) is less than that of OW (Π2) and if tw*
< T*≤ M then it is economical to use the RW. Otherwise go to Step 13.
Step 13.
Let tw*,T* = min{(TC1,Π1),(TC2,Π2),(TC3,Π2)}, output the optimal tw*,T*.
6.

Numerical examples

Numerical examples are carried out using SCILAB (5.5.0). The comparison between two models
is illustrated by the following numerical examples with α > β and α < β.
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Example 1: k=1500, a=50, b=5, h0=1, hr=3, c=10, p=15, Ip=0.15, Ie=0.12, w=100, α=0.1, β=0.06
with suitable units. The optimal values are tabulated below.

Example 2: k=1500, a=75, b=10, h0=1, hr=3, c=10, p=15, Ip=0.15, Ie =0.12, w=100, α=0.1,
β=0.06 with suitable units. The optimal values are tabulated below.

Example 3: k=1500, a=75, b=10, h0=1, hr=3, c=10, p=15, Ip=0.15, Ie =0.12, w=100, α=0.05,
β=0.03 with suitable units. The optimal values are tabulated below.

Example 4: k=1500, a=50, b=5, h0=0.2, hr=0.6, c=10, p=15, Ip=0.15, Ie =0.12, w=100, α=0.05,
β=0.03 with suitable units. The optimal values are tabulated below.

Example 5: k=1500, a=75, b=10, h0=1, hr=3, c=10, p=15, Ip=0.15, Ie =0.12, w=100, α=0.06,
β=0.1 with suitable units. The optimal values are tabulated below.
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Example 6: k=1500, a=75, b=10, h0=1, hr=3, c=10, p=15, Ip =0.15, Ie =0.12, w=100, with
suitable units. The optimal values are tabulated below.

It is evident from Tables 1 – 6 that the total relevant cost per unit time for Model 2 is less
expensive to operate than that of Model 1.
Example 7: k=1500, a=50, b=5, h0=1, hr=3, c=10, p=15, Ip =0.15, Ie =0.12, w=100, with suitable
units. The optimal values are tabulated below.

7. Sensitivity analysis
Example 1: k=1500, w=100, h0=0.2, hr=0.6, c=10, p=15, Ip =0.15, Ie =0.12, α=0.1, β=0.06 with
suitable units. The optimal values are tabulated below.
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Example 2: h0=1, hr=3, c=10, p=0.15, Ie=0.12, Ip=0.15, α=0.1, β=0.06, M=0.5 with suitable
units. The optimal values are tabulated below.

677

Sundara Rajan and Uthayakumar

678

Int J Supply Oper Manage (IJSOM)

7.1 Summary of findings and managerial insights
Based on the computational results as shown in the above Tables 8, 9 and 10, we obtain the
following managerial insights.
1. The optimal values are highly sensitive to the changes in the values of w, a, b for keeping k fixed.
2. It is evident from the Tables that the total relevant cost increases when w, a, b increases. It is
advisable for the retailer to rent a warehouse.
3. When the values w, a, b increase keeping k fixed, it is observed that the ordering quantity and total
relevant cost increases.
4. On increasing the values of w, a, b the values of tw* increase but decreasing the values of T*.
5. All the optimal values increase except the values of T* on increasing the values of w, a, b for fixed
k.
6. Keeping all the parameters fixed except the permissible delay period M increases, the optimal
values tw*, T*, w1, Q increases.
7. Keeping all the parameters fixed, it is observed that a higher permissible delay period M results in
a lower value of the total relevant cost but higher value of optimal replenishment cycle T*.
8. The total relevant cost decreases when the permissible delay period M increases by keeping all the
parameters fixed.

8.

Conclusion

In this study, a two-warehouse inventory model for deteriorating items is developed under
permissible delay in payment period. This is considered to attract more sales, generally, retailers
have been given permissible delay in payment and the same model is compared with a singlewarehouse inventory model. Holding cost in the RW is found to be higher than that of the OW
with different rates of deterioration at both warehouses. The present model differs from the
existing models, as exponentially increasing demand is considered here. Our aim is to obtain the
optimal replenishment policy for minimizing the total relevant costs of the retailer. The optimal
values are highly sensitive to the changes in the parameters. In particular, the total cost of the
model increases whenever the values of the parameters increase. And hence, the retailor ought to
rent a warehouse. The solution procedure is developed to obtain the optimal solution to decide on
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the feasibility of renting a warehouse. Numerical examples are provided to compare the two
proposed models and sensitivity analysis is carried out to substantiate the managerial insights.
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